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Abstract
In this paper, we develop the theory of Hom-Lie algebroids, Hom-
Lie bialgebroids and Hom-Courant algebroids introduced by Cai, Liu
and Sheng [3]. Specifically, we introduce the notions of Hom-Poisson,
Hom-Nijenhuis and Hom-Poisson-Nijenhuis structures on a Hom-Lie
algebroid and the notion of Hom-Dirac structures on a Hom-Courant
algebroid. We show that these structures satisfy similar properties to
structures non “Hom-”version. For example, there exists the hierarchy
of a Hom-Poisson-Nijenhuis structure and we have a relation between
Hom-Dirac structures and Maurer-Cartan type equation. Moreover we
show that there exists a one-to-one correspondence between the pairs
consisting of a Poisson structure on M and a Poisson isomorphism for
it, and Hom-Poisson structures on M introduced in [3].
1 Introduction
Hom-Lie algebras are introduced in the study of σ-derivations of an asso-
ciative algebra in [8]. As a geometric generalization of Hom-Lie algebras,
Laurent-Gengoux and Tales introduced the concept of Hom-Lie algebroids
[12] and Cai, Liu and Sheng improved them [3]. Hom-Lie algebroids are also
a generalization of Lie algebroids. Lie algebroids themselves are a general-
ization of both Lie algebras and the tangent bundles (for more details, see
[14]). In [3], Cai, Liu and Sheng developed a Hom-Lie algebroid theory and
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defined several notions related to Hom-Lie algebroids, that is, Hom-Poisson
structures (HPS) on a manifoldM , Hom-Lie bialgebroids and Hom-Courant
algebroids. These notions are generalizations of Poisson structures (PS) on
M , Lie bialgebroids and Courant algebroids, respectively, and satisfy similar
properties to each corresponding property in the Lie algebroid theory.
First, one of the aims of this paper is to study HPSs. While the authors
in [3] introduced the notion of HPSs onM , we introduce the notion of HPSs
on arbitrary Hom-Lie algebroid in this paper. Then the former is a HPS on
ϕ!TM . We show that several properties for HPSs on M also hold for HPSs
on any Hom-Lie algebroid. Specifically, we do that a HPS pi on a Hom-Lie
algebroid A induce the Hom-Lie algebroid structure on the dual bundle A∗
and that a pair of a Hom-Lie algebroid A and the dual bundle A∗ has a
Hom-Lie bialgebroid structure. Here A∗ equips with the Hom-Lie algebroid
structure induced by a HPS pi. In addition, we investigate HPSs on M . In
Section 3, we show that there exists a one-to-one correspondence between the
pairs consisting of a PS on M and a Poisson isomorphism for it, and HPSs
on M . This is one of the main theorems in this paper. By this theorem,
applications of the Hom-Poisson theory to Poisson geometry can be expected
and we see the necessity to study HPSs on arbitrary Hom-Lie algebroid.
Then we introduce the notion of a Hom-Nijenhuis structure (HNS) on a
Hom-Lie algebroid. This is a generalization of a Nijenhuis structure (NS) on
a Lie algebroid. Unlike the ordinary NS on a Lie algebroid, a HNS on Hom-
Lie algebroid (A,ϕ, φA, [·, ·]A, aA) does not only satisfy the condition that
the Nijenhuis torsion vanishes, but also “the φA-invariance”. This condition
appears in several contexts in this paper and plays an important role for the
development of Hom-Lie algebroid theory. Because of φA-invariance, we can
show that HNSs satisfy similar properties to NSs. Moreover, we introduce
the notion of a Hom-Poisson-Nijenhuis structure (HPNS) on a Hom-Lie
algebroid. This is a generalization of a Poisson-Nijenhuis structure (PNS)
on a Lie algebroid [17],[5]. It follows in parallel to PNSs on a Lie algebroid
that HPNSs on a Hom-Lie algebroid A equips the hierarchy structure and
that they correspond to Hom-Lie bialgebroid structures on (A,A∗), where
A∗ is the dual bundle of A. Their results are also the main theorems in this
paper. See [26] and [10] for PNSs version of the above results respectively.
Second, another aim of this paper is to study Hom-Dirac structures
(HDS) on a Hom-Courant algebroid. This structure is a generalization of a
Dirac structure (DS) on a Courant algebroid [13]. While a DS is a maximally
isotropic and integrable subbundle on a Courant algebroid, a HDS is defined
as a maximally isotropic, integrable and “the φE-invariant” subbundle on
a Hom-Courant algebroid (E,ϕ, φE , 〈〈·, ·〉〉,⊙E , ρE). We show that general
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HDSs on a Hom-Courant algebroid are new Hom-Lie algebroids as in the
case of DSs on a Courant algebroid [13]. Moreover we show that the graph
of a bundle map H : A∗ −→ A is a HDS on the Hom-Courant algebroid
A ⊕ A∗ constructed by a Hom-Lie bialgebroid (A,A∗) if and only if H is
skew-symmetric and φA⊕A∗-invariant and H satisfies the Maurer-Cartan
type equation:
dA∗H +
1
2
[H,H]A = 0, (1)
where dA∗ is the differential of the Hom-Lie algebroid on A
∗ and [·, ·]A is the
Hom-Schouten bracket on A. This result is a generalization of the result for
DSs on a Courant algebroid [13]. This is also one of the main theorem in
this paper. In particular, the graph of any HPS pi on a Hom-Lie algebroid
A is a HDS on the standard Hom-Courant algebroid of A.
The paper is organized as follows. In Section 2, we recall several defini-
tions, properties and examples of Hom-Lie algebroid, Hom-Lie bialgebroid
and Hom-Courant algebroid. Moreover, we extend definitions of the induced
map by φA and the Lie derivative on a Hom-Lie algebroid (A,ϕ, φA, [·, ·]A, aA)
to on Γ(A⊗k⊗(A∗)⊗l) and describe their properties. In Section 3, we describe
HPSs, HNSs and HPNSs. In subsection 3.1, we begin with the definition
of HPSs on arbitrary Hom-Lie algebroid and show that they satisfy similar
properties to HPSs on M [3]. Moreover, we show a relation between HPSs
and PSs on M . In subsection 3.2 and 3.3, we give the definition and prop-
erties of HNSs and HPNSs. The existence of the hierarchy of a HPNS and
the correspondence between HPNSs on A and Lie bialgebroid structures on
(A,A∗) are main results in the paper. In Section 4, we introduce the notion
of a HDS on a Hom-Courant algebroid. We show a relation between HDSs
and Hom-Lie algebroids. Moreover, we show that a necessary and sufficient
condition for the graph of the bundle map H : A∗ −→ A to be a HDS is
represented by the Maurer-Cartan type equation, which is one of the main
results in the paper.
2 Preliminaries
2.1 Hom-Lie algebroids
In this subsection, we recall the definitions and properties of Hom-Lie alge-
bras, Hom-bundles and Hom-Lie algebroids.
Definition 1 ([19],[3]). A Hom-Lie algebra is a non-associative algebra
(g, [·, ·]g) together with an algebra homomorphism φg : g −→ g such that
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[·, ·]g is skew-symmetric and the following Hom-Jacobi identity holds:
[φg(X), [Y,Z]g]g + [φg(Y ), [Z,X]g]g + [φg(Z), [X,Y ]g]g = 0
for any X,Y and Z in g.
Let M be a smooth manifold and ϕ : M −→ M a smooth map. Then
the induced map ϕ∗ : C∞(M) −→ C∞(M) is given by ϕ∗f := f ◦ ϕ and is
a ring homomorphism, i.e., ϕ∗(fg) := ϕ∗f ·ϕ∗g for any f and g in C∞(M).
Definition 2 ([3]). A Hom-bundle is a triple (A,ϕ, φA), where A −→M is
a vector bundle over M , ϕ : M −→M is a smooth map and φA : Γ(A) −→
Γ(A) a linear map, such that φA(fX) = ϕ
∗f · φA(X) for any f in C
∞(M)
and X in Γ(A). This condition is called ϕ∗-fuction linear. A Hom-bundle
(A,ϕ, φA) overM is invertible if ϕ is a diffeomorphism and φA is an invertible
linear map.
Example 1 ([3]). Let B −→M be a vector bundle over M and ϕ :M −→
M a smooth map. We denote the pull-back bundle of B along ϕ by ϕ!B.
For any X in Γ(B), we define the pull-back section X ! in Γ(ϕ!B) by for
any p in M , X !p := Xϕ(p). For any bundle map Φ : ϕ
!B −→ B, we define
φϕ!B : Γ(ϕ
!B) −→ Γ(ϕ!B) by
φϕ!B(X) := (Φ(X))
!
for any X in Γ(ϕ!B). Then (ϕ!B,ϕ, φϕ!B) is a Hom-bundle.
Example 2 ([3]). Let (A,ϕ, φA) be an invertible Hom-bundle on M . We
define φ†A : Γ(A
∗) −→ Γ(A∗) by
〈φ†A(ξ),X〉 := ϕ
∗〈ξ, φ−1A (X)〉
for any X in Γ(A) and ξ in Γ(A∗). Then (A∗, ϕ, φ†A) is an invertible Hom-
bundle. In particular, (φ†A)
† = φA holds.
Definition 3 ([3]). A Hom-Lie algebroid structure on a vector bundle A −→
M is a quadruple (ϕ, φA, [·, ·]A, aA), where (A,ϕ, φA) is a Hom-bunble, (Γ(A),
φA, [·, ·]A) is a Hom-Lie algebra and aA : A −→ ϕ
!TM is a bundle map, such
that the following conditions are satisfied:
(i) For any X,Y in Γ(A) and f in C∞(M),
[X, fY ]A = ϕ
∗f [X,Y ]A + aA(φA(X))(f)φA(Y );
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(ii) For any X and Y in Γ(A),
(a) aA(φA(X)) ◦ ϕ
∗ = ϕ∗ ◦ aA(X)
(b) aA([X,Y ]A) ◦ ϕ
∗ = aA(φA(X)) ◦ aA(Y )− aA(φA(Y )) ◦ aA(X)
Remark 1. A Hom-Lie algebroid is just a Lie algebroid if ϕ = idM and
φA = idΓ(A).
Example 3 ([3]). Let M be a smooth manifold and ϕ :M −→M a diffeo-
morphism. Then Γ(ϕ!TM) can be identified with the (ϕ∗, ϕ∗)-derivations
on C∞(M), i.e., for any f, g in C∞(M) and X in Γ(ϕ!TM),
X(fg) = X(f)ϕ∗g + ϕ∗f ·X(g). (2)
We define Adϕ∗ : Γ(ϕ
!TM) −→ Γ(ϕ!TM) and [·, ·]ϕ∗ : Λ
2Γ(ϕ!TM) −→
Γ(ϕ!TM) by
Adϕ∗X := ϕ
∗ ◦X ◦ (ϕ∗)−1 and (3)
[X,Y ]ϕ∗ := ϕ
∗ ◦X ◦ (ϕ∗)−1 ◦ Y ◦ (ϕ∗)−1 − ϕ∗ ◦ Y ◦ (ϕ∗)−1 ◦X ◦ (ϕ∗)−1
(4)
for any X and Y in Γ(ϕ!TM), respectively. Then (ϕ!TM,ϕ,Adϕ∗ , [·, ·]ϕ∗ , id)
is a Hom-Lie algebroid on M .
Remark 2. Let (A,ϕ, φA) be an invertible Hom-bundle. Then the condition
(ii) of the definition of a Hom-Lie algebroid can be rewritten as
(ii)’ (a) aA ◦ φA = Adϕ∗ ◦ aA
(b) aA([X,Y ]A) = [aA(X), aA(Y )]ϕ∗ (X,Y ∈ Γ(A)).
Example 4. For any Hom-bundle (A,ϕ, φA), we set [·, ·]A := 0 and aA := 0.
Then (A,ϕ, φA, [·, ·]A, aA) is a Hom-Lie algebroid.
Example 5. The vector bundle TM⊕R := TM⊕(M×R) over a manifoldM
has a natural Lie algebroid structure [18], [22]. As a generalization of this,
we introduce a natural Hom-Lie algebroid structure on the vector bundle
ϕ!(TM ⊕R) over M , where ϕ :M −→M is a diffeomorphism. Considering
the identification Γ(ϕ!(TM ⊕R)) ∼= Γ(ϕ!TM)⊕ ϕ∗C∞(M), we see that the
C∞(M)-module structure on Γ(ϕ!(TM ⊕ R)) is given by
f(X,ϕ∗g) = (fX, fϕ∗g) (5)
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for any f, g in C∞(M) and X in Γ(ϕ!TM). Then we can define the Hom-Lie
algebroid structure (ϕ, φ, [·, ·], a) on ϕ!(TM ⊕ R) as follows:
φ((X,ϕ∗f)) : = (Adϕ∗X, (ϕ
∗)2f); (6)
[(X,ϕ∗f), (Y, ϕ∗g)] : = ([X,Y ]ϕ∗ ,X(ϕ
∗g)− Y (ϕ∗f)) (7)
= ([X,Y ]ϕ∗ , ϕ
∗(Ad−1ϕ∗ (X)(g) −Ad
−1
ϕ∗ (Y )(f)));
a((X,ϕ∗f)) = X. (8)
This is a new example of a Hom-Lie algebroid.
In the paper, we assume that all underlying Hom-bundles of Hom-Lie
algebroids are invertible. For any Hom-Lie algebroid (A,ϕ, φA, [·, ·]A, aA) on
M , the map φA induces a linear map Γ(A
⊗k⊗ (A∗)⊗l) −→ Γ(A⊗k⊗ (A∗)⊗l),
which we use the same notaion, by
φA(X1 ⊗ · · · ⊗Xk ⊗ ξ1 ⊗ · · · ⊗ ξl)
:= φA(X1)⊗ · · · ⊗ φA(Xk)⊗ φ
†
A(ξ1)⊗ · · · ⊗ φ
†
A(ξl) (9)
for any X1, . . . ,Xk in Γ(A), ξ1, . . . , ξl in Γ(A
∗). In particular, the induced
map on Γ((A∗)⊗l) is denoted by φ†A.
2.2 Differential calculus on Hom-Lie algebroids
In this subsection, we recall the definitions and properties of the differential,
the interior multiplication and the Lie derivative on Hom-Lie algebroids.
Definition 4 ([3]). Let M be a manifold, (A,ϕ, φA, [·, ·]A, aA) a Hom-Lie
algebroid overM . Then an operator dA : Γ(Λ
kA∗) −→ Γ(Λk+1A∗) is the dif-
ferential of the Hom-Lie algebroid A if for any ω in Γ(ΛkA∗) and X0, . . . ,Xk
in Γ(A),
(dAω)(X0, . . . ,Xk)
=
k∑
i=0
(−1)iaA(Xi)(ω(φ
−1
A (X0), . . . ,
̂φ−1A (Xi), . . . , φ
−1
A (Xk)))
+
∑
i<j
(−1)i+jφ†A(ω)([φ
−1
A (Xi), φ
−1
A (Xj)]A,X0, . . . , Xˆi, . . . , Xˆj , . . . ,Xk).
(10)
Proposition 2.1 ([3]). The differential dA of the Hom-Lie algebroid (A,ϕ,
φA, [·, ·]A, aA) satisfies the following properties:
d2A = 0; (11)
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dA ◦ φ
†
A = φ
†
A ◦ dA; (12)
dA(ω ∧ η) = dAω ∧ φ
†
A(η) + (−1)
kφ
†
A(ω) ∧DAη (13)
for any ω in Γ(ΛkA∗) and η in Γ(Λ∗A∗).
Remark 3. A Jacobi algebroid is a Lie algebroid A together with a dA-closed
cosection ρ in Γ(A∗) [9], [23]. Then we can define a Hom-Jacobi algebroid
as a pair of a Hom-Lie algebroid A and a dA-closed cosection ρ in Γ(A
∗).
However a pair (ϕ!(TM ⊕R), φA((0, 1))) is not an example of a Hom-Jacobi
algebroid while a pair (TM ⊕ R, (0, 1)) is an example of Jacobi algebroid,
where (0, 1) is an element in Γ(TM⊕R) ∼= X(M)⊕C∞(M). It is interesting
to investigate if there exists a Hom-Jacobi structure on ϕ!(TM ⊕ R).
Given a Hom-Lie algebroid (A,ϕ, φA, [·, ·]A, aA), theHom-Schouten bracket
[·, ·]A : Γ(Λ
kA)×Γ(ΛlA) −→ Γ(Λk+l−1A) is defined as the unique extension
of the Lie bracket [·, ·]A on Γ(A) such that
[f, g]A = 0;
[X, f ]A = aA(φA(X))(f);
[X,Y ]A is the Hom-Lie bracket on Γ(A);
[D1,D2 ∧D3]A = [D1,D2]A ∧ φA(D3) + (−1)
(k+1)lφA(D2) ∧ [D1,D3]A;
[D1,D2]A = −(−1)
(k−1)(l−1)[D2,D1]A
for any f, g in C∞(M), X,Y in Γ(A), D1 in Γ(Λ
kA), D2 in Γ(Λ
lA) and D3
in Γ(Λ∗A).
For anyD in Γ(ΛkA), we define the interior multiplication ιAD : Γ(Λ
mA∗) −→
Γ(Λm−kA∗)by
(ιADω)(X1, . . . ,Xm) := (φ
†
A(ω))(φA(D),X1, . . . ,Xm)
for any ω in Γ(ΛmA∗) and Xi in Γ(A).
For any X in Γ(A), the Lie derivative LAX is defined on Γ(Λ
kA∗) by the
Hom-Cartan formula
LAX ◦ φ
†
A = ι
A
X ◦ dA + dAι
A
φ−1
A
(X)
(14)
and are extended on Γ(Λ∗A) by
LAXD = [X,D]A (15)
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for any D in Γ(Λ∗A). Then we have
〈LAXα, Y 〉 = aA(φA(X))〈α, φ
−1
A (Y )〉 − 〈φ
†
A(α),L
A
X(φ
−1
A (Y ))〉 (16)
for any α in Γ(A∗) and Y in Γ(A). Moreover, we define the Lie derivative
on Γ(A⊗k ⊗ (A∗)⊗l) by
LAX(X1 ⊗ · · · ⊗Xk ⊗ ξ1 ⊗ · · · ⊗ ξl)
:=
k∑
i=1
φA(X1)⊗ · · · ⊗ L
A
XXi ⊗ · · · ⊗ φA(Xk)⊗ φ
†
A(ξ1)⊗ · · · ⊗ φ
†
A(ξl)
+
l∑
j=1
φA(X1)⊗ · · · ⊗ φA(Xk)⊗ φ
†
A(ξ1)⊗ · · · ⊗ L
A
X(ξj)⊗ · · · ⊗ φ
†
A(ξl)
(17)
for any Xi in Γ(A) and ξj in Γ(A
∗), which is well-defined.
2.3 Hom-Lie bialgebroids and Hom-Courant algebroids
In this subsection, we recall the definitions and properties of Hom-Lie bial-
gebroids and Hom-Courant algebroids.
Definition 5 ([3]). Let (A,ϕ, φA) be an invertible Hom-bundle, (A,ϕ, φA,
[·, ·]A, aA) and (A
∗, ϕ, φ
†
A, [·, ·]A∗ , aA∗) two Hom-Lie algebroids in duality.
Then a pair (A,A∗) is a Hom-Lie bialgebroid if for any X and Y in Γ(A),
dA∗ [X,Y ]A = [dA∗X,φA(Y )]A + [φA(X), dA∗Y ]A,
where dA∗ is the differential of the Hom-Lie algebroid A
∗.
Proposition 2.2 ([3]). If (A,A∗) is a Hom-Lie bialgebroid, then so is
(A∗, A).
Example 6 ([3]). For any Hom-Lie algebroid (A,ϕ, φA, [·, ·]A, a) and its
dual bundle A∗ with the trivial Hom-Lie algebroid structure (ϕ, φ†A, 0, 0), a
pair (A,A∗) is a Hom-Lie bialgebroid.
Definition 6 ([3]). A Hom-Courant algebroid structure on a vector bundle
E −→M is a 5-tuple (ϕ, φE , 〈〈·, ·〉〉,⊙E , ρE), where (E,ϕ, φE) is an invertible
Hom-bunble, 〈〈·, ·〉〉 is a non-degenerate symmetric bilinear form on E, a map
⊙E : Γ(E) × Γ(E) −→ Γ(E) is bilinear and ρE : E −→ ϕ
!TM is a bundle
map, such that the following conditions are satisfied:
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(i) (Γ(E),⊙E , φE) is a Hom-Leibniz algebra, i.e., for any e1, e2 and e3 in
Γ(E),
(a) φE(e1 ⊙E e2) = φE(e1)⊙E φE(e2);
(b) φE(e1)⊙E (e2⊙Ee3) = (e1⊙Ee2)⊙EφE(e3)+φE(e2)⊙E (e1⊙Ee3);
(ii) ρE ◦ φE = Adϕ∗ ◦ ρE;
(iii) For any e1 and e2 in Γ(E), ρE(e1 ⊙E e2) = [ρE(e1), ρE(e2)]ϕ∗ ;
(iv) For any e in Γ(E), e⊙E e = D〈〈e, e〉〉;
(v) For any e1 and e2 in Γ(E), 〈〈φE(e1), φE(e2)〉〉 = ϕ
∗〈〈e1, e2〉〉;
(vi) For any e1, e2 and e in Γ(E),
ρE(φE(e))(〈〈e1, e2〉〉) = 〈〈e⊙E e1, φE(e2)〉〉+ 〈〈φE(e1), e ⊙E e2〉〉,
where D : C∞(M) −→ Γ(E) is difined by
〈〈Df, e〉〉 =
1
2
ρE(e)f
for any e in Γ(E) and f in C∞(M). We set
[[e1, e2]]E :=
1
2
(e1 ⊙E e2 − e2 ⊙E e1)
for any e1 and e2 in Γ(E). We call [[·, ·]]E a Hom-Courant bracket on Γ(E).
Remark 4. In general, a Hom-Courant algebroid is NOT an E-Courant
algebroid [4]. Hom-Courant algebroids are different generalizations from
E-Courant algebroids.
Proposition 2.3 ([3]). Let (E,ϕ, φE , 〈〈·, ·〉〉,⊙E , ρE) be a Hom-Courant al-
gebroid. Then for any e1, e2 in Γ(E) and f in C
∞(M),
e1 ⊙E (fe2) = ϕ
∗f · e1 ⊙E e2 + ρE(φE(e1))(f)φE(e2),
(fe1)⊙E e2 = ϕ
∗f · e1 ⊙E e2 − ρE(φE(e2))(f)φE(e1) +Dfϕ
∗〈〈e1, e2〉〉.
For the Hom-Courant bracket [[·, ·]]E on a Hom-Courant algebroid (E,ϕ, φE ,
〈〈·, ·〉〉,⊙E , ρE), the following proposition follows immediately from Theorem
5.9 in [3].
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Proposition 2.4. The Hom-Courant bracket [[·, ·]]E on a Hom-Courant al-
gebroid (E,ϕ, φE , 〈〈·, ·〉〉,⊙E , ρE) satisfies that for any e1, e2 and e3 in Γ(E),
∑
Cycl(e1,e2,e3)
[[[[e1, e2]]E , φE(e3)]]E = DT (e1, e2, e3),
where T : Γ(E)× Γ(E)× Γ(E) −→ C∞(M) is given by
T (e1, e2, e3) :=
1
3
∑
Cycl(e1,e2,e3)
〈〈[[e1, e2]]E , φE(e3)〉〉
for any e1, e2 and e3 in Γ(E).
The following theorem shows the relationship between a Hom-Lie bial-
gebroid and a Hom-Courant algebroid.
Theorem 2.5 ([3]). Let (A,A∗) be a Hom-Lie bialgebroid over M . Then
(E = A⊕A∗, ϕ, φE , 〈〈·, ·〉〉,⊙E , ρE) is a Hom-Courant algebroid, where
φE(X + ξ) := φA(X) + φ
†
A(ξ);
〈〈X + ξ, Y + η〉〉 :=
1
2
(〈ξ, Y 〉+ 〈η,X〉) ;
(X + ξ)⊙E (Y + η) := ([X,Y ]A + L
A∗
ξ Y − ι
A∗
η dA∗(φ
−1
A (X)))
+ ([ξ, η]A∗ + L
A
Xη − ι
A
Y dA((φ
†
A)
−1(ξ)));
ρE(X + ξ) := aA(X) + aA∗(ξ)
for any X,Y in Γ(A), ξ and η in Γ(A∗). By easy calculation, we show that
the Hom-Courant bracket on E is given by for any X,Y in Γ(A), ξ and η in
Γ(A∗),
[[X + ξ, Y + η]]E =
(
[X,Y ]A + L
A∗
ξ Y − L
A∗
η X +
1
2
dA∗(〈X, η〉 − 〈Y, ξ〉)
)
+
(
[ξ, η]A∗ + L
A
Xη − L
A
Y ξ −
1
2
dA(〈X, η〉 − 〈Y, ξ〉)
)
.
(18)
In particular, for any Hom-Lie algebroid A, the Hom-Courant algebroid
A⊕A∗ is called the standard Hom-Courant algebroid of A, where (A,A∗) is
a Lie bialgebroid in Example 6.
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3 Hom-Poisson-Nijenhuis structures
3.1 Hom-Poisson structures
In [3], the authors defined Hom-Poisson structures on a manifold M . In
this subsection, we introduce Hom-Poisson structures on arbitrary Hom-Lie
algebroid and show similar properties to that onM . Moreover we show that
there exists a one-to-one correspondence between the Hom-Poisson struc-
tures on M and the pairs consisting of a Poisson structure on M and a
Poisson isomorphism for it.
Definition 7. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid and pi a 2-
section in Γ(Λ2A). Then pi is a Hom-Poisson structure on A if the following
conditions hold:
[pi, pi]A = 0, (19)
φA(pi) = pi. (20)
The condition (20) is called the φA-invariance.
In [3], the authors defined a Hom-Poisson structure (pi, ϕ) on a manifold
M by the condition that pi is a Hom-Poisson structure on ϕ!TM in the sense
of Definition 7. As well-known, the map
h :TM −→ ϕ!TM = {(p, v) ∈M × TM | ϕ(p) = piTM (v)},
v 7→ (ϕ−1(piTM (v)), v)
is a bundle isomorphism. Therefore a map (·)! is an isomorphism since the
induced map Γ(TM) −→ Γ(ϕ!TM) by h coincides with (·)!. Moreover the
map (·)! is extended to the map Γ(Λ∗TM) −→ Γ(Λ∗ϕ!TM). Then we obtain
[X !, Y !]ϕ∗ = Adϕ∗ [X,Y ]
! for any X and Y in X(M). In fact, for any f in
C∞(M) and p in M ,
([X !, Y !]ϕ∗(f))(p) = ((ϕ
∗ ◦X ! ◦ (ϕ∗)−1 ◦ Y ! ◦ (ϕ∗)−1
− ϕ∗ ◦ Y ! ◦ (ϕ∗)−1 ◦X ! ◦ (ϕ∗)−1)(f))(p)
= ϕ∗(X !((ϕ∗)−1(Y !((ϕ∗)−1f))))(p)
− ϕ∗(Y !((ϕ∗)−1(X !((ϕ∗)−1f))))(p)
= Xϕ2(p)(Y ((ϕ
∗)−1(f)))− Yϕ2(p)(X((ϕ
∗)−1(f)))
= [X,Y ]ϕ2(p)((ϕ
∗)−1(f))
= (((ϕ∗)2 ◦ [X,Y ] ◦ (ϕ∗)−1)(f))(p)
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= (Adϕ∗([X,Y ]
!)(f))(p).
By using properties of the Schouten bracket [·, ·] on Γ(Λ∗TM) and the Hom-
Schouten bracket [·, ·]ϕ on Γ(Λ
∗ϕ!TM), we have [D!1,D
!
2]ϕ∗ = Adϕ∗ [D1,D2]
!
for any Di in Γ(Λ
∗TM). Therefore for any 2-vector field pi in Γ(Λ2TM),
[pi!, pi!]ϕ∗ = Adϕ∗ [pi, pi]
!.
Since Adϕ∗ and (·)
! are isomorphisms, pi is a Poisson structure, i.e., [pi, pi] = 0
if and only if [pi!, pi!]ϕ∗ = 0. We also obtain (ϕ∗X)
! = Ad−1ϕ∗ (X
!) for any X
in X(M). In fact, for any f in C∞(M) and p in M ,
((ϕ∗X)
!(f))(p) = (ϕ∗X)ϕ(p)f = (ϕ∗pXp)f = 〈(df)ϕ(p), ϕ∗pXp〉
= 〈ϕ∗p(df)p,Xp〉 = 〈d(ϕ
∗f)p,Xp〉 = Xp(ϕ
∗f)
= X !ϕ−1(p)(ϕ
∗f) = ((ϕ∗)−1(X !(ϕ∗f)))(p)
= ((Ad−1ϕ∗ (X
!))(f))(p).
Then it follows that ϕ is a Poisson isomorphism for a Poisson structure pi, i.e.,
ϕ∗pi = pi if and only if pi
! in Γ(Λ2ϕ!TM) is Adϕ∗-invariant, i.e., Adϕ∗(pi
!) =
pi!. Therefore a Hom-Poisson structure (pi, ϕ) on ϕ!TM is nothing but a pair
of a Poisson structure on M and a Poisson isomorphism. From the above,
we can obtain the following theorem.
Theorem 3.1. There exists the following one-to-one correspondence:

Pairs consisting of
a Poisson structure on M and
a Poisson isomorphism for it


1-1
−−→ {Hom-Poisson structures on M}
(pi, ϕ) 7→ (pi!, ϕ).
From now on, we consider Hom-Poisson structures on arbitrary Hom-Lie
algebroid and generalize the results for Hom-Poisson structures on M in [3].
Proposition 3.2. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid and pi
in Γ(Λ2A). Then the following conditions are equivalent:
(i) φA(pi) = pi (the φA-invariance);
(ii) φA ◦ pi
♯ = pi♯ ◦ φ†A.
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Proof. We set pi :=
∑
iXi ∧ Yi, where Xi and Yi are in Γ(A). We have
φA(pi) =
∑
i φA(Xi) ∧ φA(Yi). Then we obtain φA ◦ pi
♯ = φA(pi)
♯ ◦ φ†A. In
fact, for any α in Γ(A∗),
φA(pi
♯α) = φA
(∑
i
(〈α,Xi〉Yi − 〈α, Yi〉Xi)
)
=
∑
i
(ϕ∗〈α,Xi〉φA(Yi)− ϕ
∗〈α, Yi〉φA(Xi))
=
∑
i
(ϕ∗〈α, φ−1A (φA(Xi))〉φA(Yi)− ϕ
∗〈α, φ−1A (φA(Yi))〉φA(Xi))
=
∑
i
(〈φ†A(α), φA(Xi)〉φA(Yi)− 〈φ
†
A(α), φA(Yi)〉φA(Xi))
= φA(pi)
♯(φ†A(α)).
This equality means the equivalency between (i) and (ii).
The following two theorems can be proved as in the case of ϕ!T ∗πM in
[3].
Theorem 3.3. Let pi be a Hom-Poisson structure on a Hom-Lie algebroid
(A,ϕ, φA, [·, ·]A, aA). Then A
∗
π = (A
∗, ϕ, φ
†
A, [·, ·]π , pi
♯) is a Hom-Lie alge-
broid, where
[ξ, η]π := L
A
π♯ξ
η − LA
π♯η
ξ − dA〈pi
♯ξ, η〉 (21)
for any ξ and η in Γ(A∗).
Theorem 3.4. Let pi be a Hom-Poisson structure on a Hom-Lie algebroid
(A,ϕ, φA, [·, ·]A, aA). If the set {dπf | f ∈ C
∞(M)} generates Γ(A∗) as a
C∞(M)-module, then a pair (A,A∗π) is a Hom-Lie bialgebroid, where dπ is
the differential of the Hom-Lie algebroid A∗π.
We also denote the operator defined by the formula (10) for any 2-section
pi in Γ(Λ2A) by the same symbol dπ. The following two propositions will be
used in Subsection 3.3 and Section 4. These are generalizations of properties
for Poisson structures [11].
Proposition 3.5. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid and pi
in Γ(Λ2A) a φA-invariant 2-section. Then for any D in Γ(Λ
∗A),
dπD = [pi,D]A. (22)
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Proof. It is sufficient to prove that dπZ = [pi,Z]A holds for any Z in Γ(A).
We set pi =
∑
iXi ∧ Yi (Xi, Yi ∈ Γ(A)). By long calculations, we have that
both (dπZ)(α, β) and [pi,Z]A(α, β) for any α and β in Γ(A
∗) are equal to∑
i
(〈Xi, α〉aA(Yi)〈Z, (φ
†
A)
−1(β)〉 − 〈Yi, α〉aA(Xi)〈Z, (φ
†
A)
−1(β)〉
− 〈Xi, β〉aA(Yi)〈Z, (φ
†
A)
−1(α)〉 + 〈Yi, β〉aA(Xi)〈Z, (φ
†
A)
−1(α)〉
− 〈φA(Xi), α〉〈φA(Z),L
A
Yi
((φ†A)
−1(β))〉
+ 〈φA(Yi), α〉〈φA(Z),L
A
Xi
((φ†A)
−1(β))〉
+ 〈φA(Xi), β〉〈φA(Z),L
A
Yi
((φ†A)
−1(α))〉
− 〈φA(Yi), β〉〈φA(Z),L
A
Xi
((φ†A)
−1(α))〉.
Therefore (22) holds.
Proposition 3.6. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid and pi
in Γ(Λ2A) a φA-invariant 2-section. Then for any α and β in Γ(A
∗),
1
2
[pi, pi]A(φ
†
A(α), φ
†
A(β), ·) = [pi
♯α, pi♯β]A − pi
♯[α, β]π. (23)
Proof. By Proposition 3.5, we have [pi, pi]A = dπpi since pi is φA-invariant. By
calculations using the formula (10), the φA-invariance of pi and the definition
(21) of [·, ·]π, we get, for any α, β and γ in Γ(A
∗),
[pi, pi](α, β, γ) = 2〈γ, [pi♯((φ†A)
−1(α)),pi♯((φ†A)
−1(β))]A
− pi♯[(φ†A)
−1(α), (φ†A)
−1(β)]π〉.
By replacing α, β with φ†A(β), φ
†
A(β) respectively, we obtain the formula
(23).
Remark 5. Considering “Hom-versions” of several generalizations of Pois-
son structures, for example, quasi-Poisson structures [24], twisted Poisson
structures [1], [2], and so on, is very interesting.
3.2 Hom-Nijenhuis structures
In this subsection, we introduce Hom-Nijenhuis structures on a Hom-Lie
algebroid and investigate properties of these. The condition “φA-invariance”
also plays an important role for Hom-Nijenhuis structures.
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Definition 8. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid over M and
N : A −→ A a bundle map over M . Then we define the Nijenhuis torsion
TN of N by
TN (X,Y ) := [NX,NY ]A −N [NX,Y ]A −N [X,NY ]A +N
2[X,Y ]A (24)
for any X and Y in Γ(A). N is a Hom-Nijenhuis structure on A if
TN = 0, (25)
φA(N) = N. (26)
The condition (26) is called the φA-invariance.
The following lemma is fundamental.
Lemma 3.7. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid over M and
N,N ′ : A −→ A two bundle maps over M . Then the followings hold:
(i) φA(NX) = φA(N)φA(X) for any X in Γ(A);
(ii) φ†A(N
∗ξ) = φA(N
∗)φ†A(ξ) for any ξ in Γ(A
∗);
(iii) φA(N
∗) = φA(N)
∗;
(iv) φA(N ◦N
′) = φA(N) ◦ φA(N
′);
(v) N ◦ φA = φA ◦N ⇐⇒ φA(N) = N (the φA-invariance).
Proof. We set N :=
∑
i ξ
i ⊗ Xi, where ξ
i’s are in Γ(A∗) and Xi’s are in
Γ(A). (i) We calculate
φA(NX) = φA
(∑
i
〈ξi,X〉Xi
)
=
∑
i
ϕ∗〈ξi,X〉φA(Xi).
On the other hand, by φA(N) =
∑
i φ
†
A(ξ
i)⊗ φA(Xi), we obtain
φA(N)φA(X) =
∑
i
〈φ†A(ξ
i), φA(X)〉φA(Xi) =
∑
i
ϕ∗〈ξi,X〉φA(Xi).
(ii) By φA(N
∗) =
∑
i φA(X
i)⊗ φ†A(ξi) since N
∗ =
∑
iX
i ⊗ ξi, we obtain
φA(N
∗ξ) = φA
(∑
i
〈ξ,Xi〉ξ
i
)
=
∑
i
ϕ∗〈ξ,Xi〉φ
†
A(ξ
i),
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φA(N
∗φ
†
A(ξ)) =
∑
i
〈φ†A(ξ), φA(Xi)〉φ
†
A(ξ
i) =
∑
i
ϕ∗〈ξ,Xi〉φ
†
A(ξ
i).
(iii) For any α in Γ(A∗) and X in Γ(M), we obtain
〈φA(N
∗)α,X〉 =
〈∑
i
〈α, φA(Xi)〉φ
†
A(ξ
i),X
〉
=
∑
i
〈α, φA(Xi)〉〈φ
†
A(ξ
i),X〉,
〈φA(N)
∗α,X〉 = 〈α, φA(N)X〉
=
〈
α,
∑
i
〈φ†A(ξ
i),X〉φA(Xi)
〉
=
∑
i
〈φ†A(ξ
i),X〉〈α, φA(Xi)〉.
(iv) For any X in Γ(A), by using (i), we obtain
φA(N ◦N
′)X = φA((N ◦N
′)(φ−1A (X))) = φA(N(N
′(φ−1A (X))))
= φA(N)φA(N
′(φ−1A (X))) = φA(N)(φA(N
′)X)
= (φA(N) ◦ φA(N
′))X.
Finally, for any X in Γ(A), by using (i), we obtain
(N ◦ φA − φA ◦N)(X) = N(φA(X)) − φA(NX)
= N(φA(X)) − φA(N)(φA(X))
= (N − φA(N))(φA(X)).
Since X is arbitrary, φA(X) is also arbitrary. Therefore (v) holds.
Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid over M . We define the
bracket [·, ·]N on Γ(A) for a bundle map N : A −→ A over M by
[X,Y ]N := [NX,Y ]A + [X,NY ]A −N [X,Y ]A (27)
for any X and Y in Γ(A). Hom-Nijenhuis structures modify Hom-Lie al-
gebroid structures on A as well as Nijenhuis structures do Lie algebroid
structures [5], [11], [26].
Theorem 3.8. Let N be a Hom-Nijenhuis structure on a Hom-Lie algebroid
(A,ϕ, φA, [·, ·]A, aA). Then AN = (A,ϕ, φA, [·, ·]N , aA ◦ N) is a Hom-Lie
algebroid.
Proof. First, we show that (Γ(A), [·, ·]N , φA) is a Hom-Lie algebra. For any
X and Y in Γ(A), we culculate
φA([X,Y ]N ) = φA([NX,Y ]A + [X,NY ]A −N [X,Y ]A)
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= [φA(NX), φA(Y )]A + [φA(X), φA(NY )]A −N(φA([X,Y ]A))
= [N(φA(X)), φA(Y )]A + [φA(X), N(φA(Y ))]A −N [φA(X), φA(Y )]A
= [φA(X), φA(Y )]N
by Lemma 3.7 and the assumption that φA is an algebra homomorphism
with respect to (Γ(A), [·, ·]A). Hence φA is an algebra homomorphism with
respect to (Γ(A), [·, ·]N ). By straightforward computation, it follows that for
any X,Y and Z in Γ(A),∑
Cycl(X,Y,Z)
[φA(X), [Y,Z]N ]N
=
∑
Cycl(NX,NY,Z)
[φA(NX), [NY,Z]A]A +
∑
Cycl(NX,Y,NZ)
[φA(NX), [Y,NZ]A]A
+
∑
Cycl(X,NY,NZ)
[φA(X), [NY,NZ]A]A −N

 ∑
Cycl(NX,Y,Z)
[φA(NX), [Y,Z]A]A


−N

 ∑
Cycl(X,NY,Z)
[φA(X), [NY,Z]A]A

−N

 ∑
Cycl(X,Y,NZ)
[φA(X), [Y,NZ]A]A


+N2

 ∑
Cycl(X,Y,Z)
[φA(X), [Y,Z]A]A

 .
Since [·, ·]A satisfies the Hom-Jacobi identity, the right hand side is equal to
0. Therefore (Γ(A), [·, ·]N , φA) is a Hom-Lie algebra.
Second, we compute for any X,Y in Γ(A) and f in C∞(M),
[X, fY ]N = [NX, fY ]A + [X,N(fY )]A −N [X, fY ]A
= ϕ∗f [NX,Y ]A + aA(φA(NX))(f)φA(Y )
+ ϕ∗f [X,NY ]A + aA(φA(X))(f)φA(NY )
−N(ϕ∗f [X,Y ]A + aA(φA(X))(f)φA(Y ))
= ϕ∗f([NX,Y ]A + [X,NY ]A −N [X,Y ]A)
+ (aA ◦N)(φA(X))(f)φA(Y ),
where we use Lemma 3.7 and the assumption that (A,ϕ, φA, [·, ·]A, aA) is a
Hom-Lie algebroid.
Finally, for any X and Y in Γ(A), we obtain
(aA ◦N)(φA(X)) = aA(N(φA(X))) = aA(φA(NX)) = Adϕ∗(aA(NX))
17
= Adϕ∗((aA ◦N)(X))
and
(aA ◦N)([X,Y ]N ) = aA(N [X,Y ]N ) = aA([NX,NY ]A)
= [aA(NX), aA(NY )]ϕ∗ = [(aA ◦N)(X), (aA ◦N)(Y )]ϕ∗
since (A,ϕ, φA, [·, ·]A, aA) is a Hom-Lie algebroid and N is Hom-Nijenhuis.
From the above, we conclude that AN = (A,ϕ, φA, [·, ·]N , aA ◦ N) is a
Hom-Lie algebroid.
The Lie derivative on the (1, 1)-tensor fields satisfies the following.
Proposition 3.9. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid over M
and N,N ′ : A −→ A two bundle maps over M . Then the followings hold:
(i) (LAXN)Y = L
A
X(N(φ
−1
A (Y )))−φA(N)L
A
X(φ
−1
A (Y )) for any X and Y in
Γ(A);
(ii) LAX(N ◦N
′) = LAXN ◦ φA(N
′) + φA(N) ◦ L
A
XN
′ for any X in Γ(A).
Proof. We set N :=
∑
i ξ
i⊗Xi, where ξ
i is in Γ(A∗) and Xi is in Γ(A). We
obtain
(LAXN)Y =
(∑
i
LAXξ
i ⊗ φA(Xi) +
∑
i
φ
†
A(ξ
i)⊗ LAXXi
)
Y
=
∑
i
〈LAXξ
i, Y 〉φA(Xi) +
∑
i
〈φ†A(ξ
i), Y 〉LAXXi
=
∑
i
(aA(φA(X))(〈ξ
i, φ−1A (Y )〉)
− 〈φ†A(ξ
i),LAX(φ
−1
A (Y ))〉)φA(Xi)
+
∑
i
ϕ∗〈φ†A(ξ
i), Y 〉LAXXi
LAX(N(φ
−1
A (Y ))) = L
A
X
(∑
i
〈ξi, φ−1A (Y )〉Xi
)
=
∑
i
(ϕ∗〈ξi, φ−1A (Y )〉L
A
XXi
+ aA(φA(X))(〈ξ
i, φ−1A (Y )〉)φA(Xi))
φA(N)L
A
X(φ
−1
A (Y )) =
∑
i
〈φ†A(ξ
i),LAX(φ
−1
A (Y ))〉)φA(Xi),
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so that (i) holds. For any Y in Γ(A), we calculate
(LAX(N ◦N
′))Y = LAX((N ◦N
′)(φ−1A (Y )))− φA(N ◦N
′)LAX(φ
−1
A (Y ))
= LAX(N(N
′(φ−1A (Y ))))− φA(N)(φA(N
′)LAX(φ
−1
A (Y )))
= (LAXN)(φA(N
′(φ−1A (Y )))) + φA(N)L
A
X(N
′(φ−1A (Y )))
− φA(N)(φA(N
′)LAX(φ
−1
A (Y )))
= (LAXN)(φA(N
′)Y )
+ φA(N)(L
A
X(N
′(φ−1A (Y )))− φA(N
′)LAX(φ
−1
A (Y )))
= (LAXN)(φA(N
′)Y ) + φA(N)((L
A
XN
′)Y )
= (LAXN ◦ φA(N
′) + φA(N) ◦ L
A
XN
′)Y.
Hence (ii) holds.
As for Nijenhuis structures [10], the following holds for Hom-Nijenhuis
structures.
Proposition 3.10. Let N be a Hom-Nijenhuis structure on a Hom-Lie
algebroid (A,ϕ, φA, [·, ·]A, aA) on M . Then for any f in C
∞(M),
(i) dNf = N
∗dAf ;
(ii) dNdAf = −dAdNf ,
where dN and dA are the differentials of the Hom-Lie algebroids AN and A
respectively.
Proof. (i) For any X in Γ(A),
〈dNf,X〉 = (aA ◦N)(X)(f) = aA(NX)(f) = 〈dAf,NX〉 = 〈N
∗dAf,X〉.
(ii) For any X and Y in Γ(A),
(dNdAf)(X,Y ) = (aA ◦N)(X)(〈dAf, φ
−1
A (Y )〉)− (aA ◦N)(Y )(〈dAf, φ
−1
A (X)〉)
− 〈φ†A(dAf), [φ
−1
A (X), φ
−1
A (Y )]N 〉
= (aA(NX)(aA(φ
−1
A (Y ))(f))− (aA(NY )(aA(φ
−1
A (X))(f))
− ϕ∗(aA(φ
−1
A ([φ
−1
A (X), φ
−1
A (Y )]N ))(f))
= (aA(NX)(aA(φ
−1
A (Y ))(f))− (aA(NY )(aA(φ
−1
A (X))(f))
− ϕ∗(aA(φ
−1
A ([N(φ
−1
A (X)), φ
−1
A (Y )]A))(f))
− ϕ∗(aA(φ
−1
A ([φ
−1
A (X), N(φ
−1
A (Y ))]A))(f))
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+ ϕ∗(aA(φ
−1
A (N([φ
−1
A (X), φ
−1
A (Y )]A)))(f))
(dAdNf)(X,Y ) = aA(X)(〈dNf, φ
−1
A (Y )〉)− aA(Y )(〈dNf, φ
−1
A (X)〉)
− 〈φ†A(dNf), [φ
−1
A (X), φ
−1
A (Y )]A〉
= aA(X)(aA(N(φ
−1
A (Y )))(f)) − aA(Y )(aA(N(φ
−1
A (X)))(f))
− ϕ∗(aA(N(φ
−1
A ([φ
−1
A (X), φ
−1
A (Y )]A)))(f)),
so that we calculate
(dNdAf + dAdNf)(X,Y )
= (aA(NX)(aA(φ
−1
A (Y ))(f))− (aA(NY )(aA(φ
−1
A (X))(f))
− ϕ∗(aA(φ
−1
A ([N(φ
−1
A (X)), φ
−1
A (Y )]A))(f))
− ϕ∗(aA(φ
−1
A ([φ
−1
A (X), N(φ
−1
A (Y ))]A))(f))
+ ϕ∗(aA(φ
−1
A (N([φ
−1
A (X), φ
−1
A (Y )]A)))(f))
+ aA(X)(aA(N(φ
−1
A (Y )))(f)) − aA(Y )(aA(N(φ
−1
A (X)))(f))
− ϕ∗(aA(N(φ
−1
A ([φ
−1
A (X), φ
−1
A (Y )]A)))(f))
= aA([φ
−1
A (NX), φ
−1
A (Y )]A)(ϕ
∗f) + aA([φ
−1
A (X), φ
−1
A (NY )]A)(ϕ
∗f)
− ϕ∗((Ad−1ϕ∗ (aA([φ
−1
A (NX), φ
−1
A (Y )]A)))(f))
− ϕ∗((Ad−1ϕ∗ (aA([φ
−1
A (X), φ
−1
A (NY )]A)))(f))
= ϕ∗((ϕ∗)−1(aA([φ
−1
A (NX), φ
−1
A (Y )]A))(ϕ
∗f))
+ ϕ∗((ϕ∗)−1(aA([φ
−1
A (X), φ
−1
A (NY )]A))(ϕ
∗f))
− ϕ∗((ϕ∗)−1(aA([φ
−1
A (NX), φ
−1
A (Y )]A))(ϕ
∗f))
− ϕ∗((ϕ∗)−1(aA([φ
−1
A (X), φ
−1
A (NY )]A))(ϕ
∗f))
= 0,
where we use (v) in Lemma 3.7 and (ii) in Definition 3.
3.3 Hom-Poisson-Nijenhuis structures
In this subsection, we introduce the notion of Hom-Poisson-Nijenhuis struc-
tures and prove the relation between Hom-Poisson-Nijenhuis structures and
Hom-Lie bialgebroids and the existence of the hierarchy of Hom-Poisson-
Nijenhuis structures, where these are the generalizations of properties of
Poisson-Nijenhuis structures [11], [10] and main results in this paper.
Definition 9. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid over M , pi
a Hom-Poisson structure on M and N a Hom-Nijenhuis structure on M .
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Then pi and N are compatible if they satisfy
N ◦ pi♯ = pi♯ ◦N∗, (28)
and CNπ given by
CNπ (α, β) := [α, β]Nπ♯ − [α, β]
N∗
π (29)
for any α and β in Γ(A∗) vanishes. Here we define
[α, β]Nπ♯ := L
A
Nπ♯αβ − L
A
Nπ♯βα− dA〈Npi
♯α, β〉, (30)
[α, β]N
∗
π := [N
∗α, β]π + [α,N
∗β]π −N
∗[α, β]π . (31)
for any α and β in Γ(A∗). A pair (pi,N) is a Hom-Poisson-Nijenhuis struc-
ture on A if pi and N is compatible.
We also describe as dN and L
N the operators defined by the formula
(10), (14) and (15) for any bundle map N : A −→ A respectively.
By using the φA-invariances for a 2-section and a bundle map, we have
the following proposition:
Proposition 3.11. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid over
M , pi a φA-invariant 2-section in Γ(Λ
2A) and N : A −→ A a φA-invariant
bundle map over M . We assume that pi♯ ◦N∗ = N ◦ pi♯. Then the following
conditions are equivalent:
(i) CNπ = 0;
(ii) [·, ·]N,π = [·, ·]πN ;
(iii) [·, ·]N,π = [·, ·]
N∗
π ;
(v) For any α and β in Γ(A∗),
C ′(π,N)(α, β) := (L
A
π♯α
N)∗φ†A(β)− (L
A
π♯β
N)∗φ†A(α)
+N∗dA〈pi
♯α, β〉 − dA〈pi
♯N∗α, β〉 (32)
vanishes.
Here the bracket [·, ·]N,π is defined by
[α, β]N,π := L
N
π♯α
β − LN
π♯β
α− dN 〈pi
♯α, β〉 (33)
for any α and β in Γ(A∗).
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The following theorem is the generalization of the hierarchy of Poisson-
Nijenhuis structures [17], [26]:
Theorem 3.12. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid over M ,
(pi,N) a Hom-Poisson-Nijenhuis structure on A. We set pi0 := pi and de-
fine a 2-section pik+1 by the condition pi
♯
k+1 = N ◦ pi
♯
k inductively. Then
all pairs (pik, N
p) (k, p ≥ 0) are Hom-Poisson-Nijenhuis structures on A.
Furthermore for any k, l ≥ 0, it follows that [pik, pil]A = 0. The set of
Hom-Poisson-Nijenhuis structures {(pik, N
p)} is called the hierarchy of Hom-
Poisson-Nijenhuis structures of (pi,N).
Proof. By Proposition 3.11 and analogical calculations of Theorem 1.3 in
[26], this theorem holds.
The following result is the generalization of the result for Poisson-Nijenhuis
structures by Kosmann-Schwarzbach [10]:
Theorem 3.13. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid over M ,
pi a Hom-Poisson structure on A and N a Hom-Nijenhuis structure on M .
We assume that the set {dAf | f ∈ C
∞(M)} generates Γ(A∗) as a C∞(M)-
module. Then the following three conditions are equivalent:
(i) (pi,N) is a Hom-Poisson-Nijenhuis structure;
(ii) (AN , A
∗
π) is a Hom-Lie bialgebroid;
(iii) (A∗π, AN ) is a Hom-Lie bialgebroid.
Proof. By Proposition 2.2, the equivalence of (ii) and (iii) holds. We shall
prove the equivalent of (i) and (iii). We set for any ξ1 and ξ2 in Γ(Λ
∗ϕ!T ∗M),
AN,π(ξ1, ξ2) := dN [ξ1, ξ2]π − [dN ξ1, ξ2]π − (−1)
degξ1+1[ξ1, dN ξ2]π. (34)
Then by straightforward calculations, for any f, g in C∞(M), α, β and γ in
Γ(Λ∗ϕ!T ∗M), we obtain
AN,π(f, g) = 〈dA(ϕ
∗f), (Npi♯ − pi♯N∗)(dA(ϕ
∗g))〉, (35)
AN,π(dAf, g) = C
π
N (dA(ϕ
∗f), dAg), (36)
AN,π(dAf, dAg) = −dA(C
π
N (dAf, dAg)), (37)
AN,π(α, β ∧ γ) = AN,π(α, β) ∧ (Ad
†
ϕ∗)
2(γ)
+ (−1)degαdegβ(Ad†ϕ∗)
2(β) ∧AN,π(α, γ), (38)
AN,π(α, β) = −(−1)
(degα−1)(degβ−1)AN,π(β, α), (39)
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so that the conclusion follows from these equations and the assumption that
the set {dAf | f ∈ C
∞(M)} generates Γ(A∗) as a C∞(M)-module.
Remark 6. Considering “Hom-versions” of several generalizations of Poisson-
Nijenhuis structures, for example, Poisson quasi-Nijenhuis structures [25],
pseudo-Poisson Nijenhuis structures [20], and so on, is very interesting.
4 Hom-Dirac structures on Hom-Courant algebroids
In this section, we introduce the notion of Hom-Dirac structures on a Hom-
Courant algebroid and prove the relation between Hom-Dirac structures and
Hom-Lie algebroids. We also prove a necessary and sufficient condition for
the graph of a bundle map from A∗ into A to be a Hom-Dirac structure on
the Hom-Courant algebroid A⊕A∗, where (A,A∗) is a Hom-Lie bialgebroid.
These are the generalizations of properties of Dirac structures on a Courant
algebroid and also main results in this paper.
Definition 10. Let (E,ϕ, φE , 〈〈·, ·〉〉,⊙E , ρE) be a Hom-Courant algebroid
over M and [[·, ·]]E the Hom-Courant bracket on Γ(E). A subbundle L of
E is isotropic if it is isotropic under the pairing 〈〈·, ·〉〉. A subbundle L is
integrable if Γ(L) is closed under the bracket [[·, ·]]E . A subbundle L is φE-
invariant if it satisfies that φE(Γ(L)) ⊂ Γ(L). A subbundle L is a Hom-Dirac
structure or a Hom-Dirac subbundle if it is maximally isotropic, integrable
and φE-invariant.
The relationship between Dirac structures and Lie algebroids [13] is gen-
eralized that between Hom-Dirac structures and Hom-Lie algebroids.
Proposition 4.1. Let (E,ϕ, φE , 〈〈·, ·〉〉,⊙E , ρE) be a Hom-Courant algebroid
overM , [[·, ·]]E the Hom-Courant bracket on Γ(E) and a subbundle L a Hom-
Dirac structure. Then (L,ϕ, φE |L, [[·, ·]]|L, ρ|L) is a Hom-Lie algebroid over
M .
Proof. Let e1, e2 and e3 be elements in Γ(L) and f a smooth function on
M . First of all, we obtain φE(fe1) = ϕ
∗f · φE(e1). Since L is an isotropic,
integrable and φE-invariant subbundle in E, it follows that [[e1, e2]]E and
φE(e3) are in Γ(L) and that 〈〈[[e1, e2]]E, φE(e3)〉〉 = 0. Therefore by Proposi-
tion 2.4, we obtain the Hom-Jacobi identity for [[·, ·]]E . That (Γ(E),⊙E , φE)
is Hom-Leibniz algebra means that φE is an algebra homomorphism with
respect to [[·, ·]]E . Then, we calculate
2[[e1, fe2]]E = (ϕ
∗f · e1 ⊙E e2 + ρE(φE(e1))(f)φE(e2))
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− (ϕ∗f · e2 ⊙E e1 − ρE(φE(e1))(f)φE(e2) +Df · ϕ
∗〈〈e1, e2〉〉)
= 2(ϕ∗f · [[e1, fe2]]E + ρE(φE(e1))(f)φE(e2))
by Proposition 2.3. From (ii) and (iii) in Definition 6, we show that the
condition (ii)’ in Remark 2 is satisfied. From the above, (L,ϕ, φE |L, [[·, ·]]|L,
ρ|L) is a Hom-Lie algebroid.
Let (A,A∗) be a Hom-Lie bialgebroid overM andH : A∗ −→ A a bundle
map over M . We set
graph(H) := {Hξ + ξ | ξ ∈ A∗} ⊂ A⊕A∗.
Theorem 4.2. With the above notations, the graph graph(H) of a bundle
map H is a Hom-Dirac structure on A⊕A∗ equipped with the Hom-Courant
algebroid structure in Theorem 2.5 if and only if there exists a φA-invariant
2-section pi in Γ(Λ2A) such that H = pi♯ and that the Marer-Cartan type
equation holds:
dA∗pi +
1
2
[pi, pi]A = 0. (40)
Proof. For any ξ and η in Γ(A∗), Hξ + ξ and Hη + η are any elements in
Γ(graph(H)). Since
2〈〈Hξ + ξ,Hη + η〉〉 = 〈ξ,Hη〉+ 〈η,Hξ〉,
we see that graph(H) is isotropic if and only if there exists a 2-section pi
in Γ(Λ2A) such that H = pi♯. The maximality of graph(H) is obvious.
An element φE(Hξ + ξ) = φA(Hξ) + φ
†
A(ξ) is in Γ(graph(H)) if and only
if φA ◦H = H ◦ φ
†
A. Therefore by Proposition 3.2, graph(H) is maximally
isotropic and φE-invariant if and only if there exists a φA-invariant 2-section
pi in Γ(Λ2A) such that H = pi♯. Then by formula (18), we compute
[[pi♯ξ + ξ, pi♯η + η]]E
=
(
[pi♯ξ, pi♯η]A + L
A∗
ξ (pi
♯η)− LA
∗
η (pi
♯ξ) +
1
2
dA∗(〈pi
♯ξ, η〉 − 〈pi♯η, ξ〉)
)
+
(
[ξ, η]A∗ + L
A
π♯ξη − L
A
π♯ηξ −
1
2
dA(〈pi
♯ξ, η〉 − 〈pi♯η, ξ〉)
)
=
(
1
2
[pi, pi]A(φ
†
A(ξ), φ
†
A(η), ·) + pi
♯[ξ, η]π
+ LA
∗
ξ (pi
♯η)− LA
∗
η (pi
♯ξ) + dA∗〈pi
♯ξ, η〉) + ([ξ, η]A∗ + [ξ, η]π),
(41)
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where we use Proposition 3.6 and the definition (21) of [·, ·]π.
On the other hand, for any ξ, η, ζ in Γ(A∗) and φA-invariant 2-section pi,
we calculate
(dA∗pi)(φ
†
A(ξ), φ
†
A(η), ζ)
= aA∗(φ
†
A(ξ))(pi((φ
†
A)
−1(φ†A(η)), (φ
†
A)
−1(ζ)))
− aA∗(φ
†
A(η))(pi((φ
†
A)
−1(φ†A(ξ)), (φ
†
A)
−1(ζ)))
+ aA∗(ζ)(pi((φ
†
A)
−1(φ†A(ξ)), (φ
†
A)
−1(φ†A(η))))
− φA(pi)([(φ
†
A)
−1(φ†A(ξ)), (φ
†
A)
−1(φ†A(η))]A∗ , ζ)
+ φA(pi)([(φ
†
A)
−1(φ†A(ξ)), (φ
†
A)
−1(ζ)]A∗ , φ
†
A(η))
− φA(pi)([(φ
†
A)
−1(φ†A(η)), (φ
†
A)
−1(ζ)]A∗ , φ
†
A(ξ))
= aA∗(φ
†
A(ξ))(〈pi
♯η, (φ†A)
−1(ζ)〉)− aA∗(φ
†
A(η))(〈pi
♯ξ, (φ†A)
−1(ζ)〉)
+ aA∗(ζ)(〈pi
♯ξ, η〉) − pi([ξ, η]A∗ , ζ)
− pi(φ†A(η), [ξ, (φ
†
A)
−1(ζ)]A∗) + pi(φ
†
A(ξ), [η, (φ
†
A)
−1(ζ)]A∗)
= 〈LA
∗
ξ (pi
♯η)− LA
∗
η (pi
♯ξ) + dA∗〈pi
♯ξ, η〉 − pi♯[ξ, η]A∗ , ζ〉,
so that we obtain
(dA∗pi)(φ
†
A(ξ), φ
†
A(η), ·) + pi
♯[ξ, η]A∗
= LA
∗
ξ (pi
♯η)− LA
∗
η (pi
♯ξ) + dA∗〈pi
♯ξ, η〉. (42)
By substituting (42) in the equation (41), we have
[[pi♯ξ + ξ, pi♯η + η]]E
=
((
dA∗pi +
1
2
[pi, pi]A
)
(φ†A(ξ), φ
†
A(η), ·) + pi
♯([ξ, η]A∗ + [ξ, η]π)
)
+ ([ξ, η]A∗ + [ξ, η]π). (43)
Therefore graph(pi♯) is closed under [[·, ·]]E if and only if
dA∗pi +
1
2
[pi, pi]A = 0 (44)
since φA is an isomorphism.
From the above, the proof is complete.
Example 7. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid over M and
pi a Hom-Poisson structure on A. Applying Theorem 2.5 for the Hom-Lie
bialgebroid (A,A∗) in Example 6, we see that the graph of pi♯ satisfies the
Maurer-Cartan type equation. Therefore graph(pi♯) is Hom-Dirac structure
on A⊕A∗.
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